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Radiation Loss of Y-Junctions in Rib Waveguide

Lucia Cascio, Tullio Rozzi, Fellow, IEEE, and Leonardo Zappelli

Abstract—In this paper we analyze the effects of radiation in
Y -junctions in rib waveguide by combining the effective dielectric
constant method and the concept of local modes of a five-
layer slab guide. The evaluation of the fields of the junction is
performed together with the analysis of the radiation effects at
the end of the transition; various kinds of junctions are examined
and discussed, in both LSE and LSM polarizations.

1. INTRODUCTION

IHE Y-JUNCTION in dielectric waveguide is a funda-

mental tool in integrated optics and in the high millimetric
region while offering promise for millimetric circuits with
a view to realizing power dividers, directional couplers and
spatial diplexers. The bidimensional Y -junction has been
studied in several ways in the literature, from the late 1970’s
to date [1]-[6]. These studies evaluate the coupling between
guided modes of the slab structure constituting the Y-junction
[11-131, [51, [6]. but only in [4] radiation modes are considered,
to some extent, by discretization in terms of known functions;
radiated power is then approximately evaluated.

Three dimensional Y -junctions, instead, are studied by
means of numerical methods, such as the beam propagation
method or the finite element method [7]-[9].

An important feature of the Y -junction, that seems to have
been neglected so far, is the presence of a radiation lobe
emitted at the vertex of the Y and propagating between
its two arms, corresponding to a resistively loaded fourth
arm of the junction; this effect alters the spatial diplexing
characteristics and could be of relevance in densely packed
switching matrices.

In this paper we consider the Y -junction under both LSE
and LSM polarizations, using the EDC method in the vertical
(y) direction, then applying local modes analysis [10], [11] to
the resulting five-layer structure in the transverse (z) direction
and taking into account radiation modes in the transition. We
investigate propagation in the two arms of the Y-junction
and radiation occurring between them. It is to be noted
that, although the local modes approach is electromagnetically
rigorous, as a consequence of applying the EDC method in the
y-direction, we do not account for radiation in the y-z plane
but in the z-z plane only. The exact computation of radiation
effects in the three-dimensional space can be carried out by
introducing the exact continuous modes of the rib waveguide,
as reported in [12]. Nevertheless, in this paper, we resort to the
EDC method to produce a relatively simple and efficient code
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Fig. 1. The Y-junction in rib waveguide. The refraction indices are n; and
ng, with ny > ns.

still capable of modeling accurately radiation at the vertex of
the Y.

II. THEORY

The Y -junction in rib waveguide is shown in Fig. 1. The
first step of the analysis consists in applying the EDC method
in the y-direction (LSE polarization), obtaining a five-layer
structure extending in the z-direction, as shown in Fig. 2. In
the z-z plane, the main polarization is now TM.

Fields are not easily representable in the transition region.
In this paper, we expand the fields in terms of local modes,
i.e., the orthonormal modes of the straight five-layer structure
locally coincident with the cross section. These comprise a
guided and a continuous conttibution [13]. The rigorous ex-
pression of the H,(z, z) component in the five-layer structure
expressed in terms of the local modes is [10]

N
Hy(z,z)= Z Ci(2)@nlz, (2)]
k=—N
e [ ol o
p=%"0

where ®;[z,(z)] and ®,[p,z,(2)] represent the magnetic
component of the guided local modes and continuous even
and odd modes respectively, as reported in [13], and Ck(z)
and C,(p,z) are unknown coefficients, p is the independent
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Fig. 2. The Y-junction after the application of the EDC method. The EDC
method reduces the structure to a five-layer one varying along the z-direction.
The effective dielectric constants are .1 and ceo with €eo > €e1.

variable of the continuous modes, NV is the number of the
guided local modes. In (1) the minus stands for backward
propagating modes, either guided and continuous. The contri-
bution of the continnum comprizes those of the even and odd
parities, even though not explicitly indicated. Local modes are
direct functions of x only, but there is a weak dependence on
z too, due to the variation of geometry along the z-axis.

The axial (z) derivative of H,(z, z), that is proportional to
the F,-component, is expressed as

fﬂggﬁ _ Z Br(2)Ci(2) @1z, ()]

—JZ/ Bulp

where ,Bi( ) = kEeer — p%, ko = 27/ X, €. and e, being the
effective dielectric constants as shown in Fig. 2.

The solution of the propagating problem represented by (1)
and (2) consists in determining the unknown coefficients Cy(z)
and Cu(p, 2).

Local modes are solutions of the following wave equation:

O 1 09(x) ) , B
9 ':66(1;) dx ] + [kpee(x) — 57]@(x) =0 (3)

with ®(z) = ®,(z) and 8 = S, for guided modes or &(z) =
®,.(p,xz) and B = fB,(p) for continuous modes, whereas,
the actual fields in the Y -junction satisfy the following wave

Culp, 2)@ulp,z, ()] dp (2)

equation:
o 1 0Hy(x,2)
sl %) 5, ox [ee(x z) Oz ]
1  JHy(z,z)
el 2) Oz Lc(z,z) Oz }

+ kjec(z, 2)Hy(z,2) = 0. )
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Combining (1)-(4) by some manipulations, as reported in
Appendix A, we obtain a system of coupled integro-differential
equations for the amplitudes of the coupled local modes,
namely

Ch(2) + §Bn(2)Cn(2)
= Y AuCi(z)
A
+Z:t/0 Anu(p, 2)Cu(p, 2) dp,

n=—-N---N 5
)+Jﬂu() (0, 2)

= Z Dyuk(p, 2)Ci(2)
k=—N

Cyulp,

3 /0 Do, 2)Cl,2) d,

p== (6)

where the apex stands for derivation with respect to z and
Ani(2), Anpu(p, 2), Dur(p, 2), and D, (p, p, z) are the cross
coupling coefficients between guided and continuous modes,
as reported in the Appendix A. In the following we neglect
cross-coupling between continuous modes, that is negligible
indeed, i.e., we set D,,(p,p,2) = 0.

A more effective form of (5) and (6) can be obtained by
factoring out the rapid phase variation with z, i.e., by setting

Hn(z)
Colz) = 222
* |Ba(2)]

) = [ falt) de

Hu(p,2) —ip. (o)
18.(p)|

e_j'Yn(z)

Culp,2) =
so that (5) and (6) become
N
= A, 1
k:Z_N ) Bi2)

eI -7 ()] ¢ Z/ a0, 2)Hu(p, 2)
L(j)l 3181 g

— §nk)Hk(Z)

1Bu(p)
n=-N--N )
N
, _ 1Bu(p)]
H;L(p7z) - k;NDMk(p7z)Hk(z) I/Bk(z)l |
. e_j[’Yk —Bu(p)z] Hn= +. (8)

Due to the presence of the continuum integral, the analytical
solution of (7) and (8) is not simple: straightforward numerical
integration, e.g., by the Runge—Kutta method, is not applicable
because of the fact that p ranges from O to infinity so that
an infinite number of unknowns is produced. To simplify the
analysis, we now suppose that backward propagating modes,
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either guided or continuous, are not excited in the transition,
a well-founded assumption if the transition is smooth at its
beginning. In this hypothesis, (7) and (8) become

N Bu(2)
=ik (@) = (2)] OoAn ,
. £y /0 u(0,2)
ﬁn('z) -8 -
o V B =) g
u(p2) Blo) © ’
n=1..-N (7Ta)
l B(p)
k=1
. e—j[’*/k(z)_ﬁ(P)ZL H=-e,0 (8a)

where now the even and odd parity of the continuous modes
is made explicit. In (7a) and (8a) we have considered that
Be(p) = Bolp) = B(p)-

We solve (7a) and (8a) by the following numerical proce-
dure: We divide the whole domain of integration, correspond-
ing to the length L of the transition, in M sub-intervals, where
the unknown coefficients of the guided modes are expanded
as second degree polynomials, to ensure continuity of H(z)
and H!(z) at each boundary between sub-intervals. Details
are provided in Appendix B and results will be discussed in
the following.

Finally, we considered the LSM polarization. In this case
the EDC approach yields a five-layer structure under TE
polarization in the z-direction, whose complete spectrum is
reported in [13]. The corresponding system of equations
representing propagation in the Y -junction is the same as (7a)
and (8a), but with different coupling coefficients; the latter are
reported at the end of Appendix A.

A. Coupling Between Modes: Some Considerations

The extent of the z-dependence of the coupling coefficients
is directly related to the shape of the transition and to the form
of the rib waveguides constituting the Y -junction.

Some interesting effects occur in case of a Y -junction
in rib waveguide with identical arm widths w1 = wq and
symmetric with respect to the z-axis. In fact, the five-layer
structure obtained by application of the EDC method in the
y-direction is perfectly symmetrical, as shown in Fig. 3; in
the figure, f1(z), fa(2), fo(2) and f4(z) represent the laws of
variation of the transition along the z-direction.Thus, analyzing
coupling between modes, with different parity, either guided
and continuous, noting that

file) = fi(z)  f3(2) = f3(2)

and that in (A.L7) Tinp = —Tank, Tonk = —I3nk, We obtain
Ank(z) = 0.

The same holds for the other coupling coefficients. There-
fore, coupling between modes with different parity is not
allowed. In the symmetric Y -junction coupling occurs between
modes with the same parity only.
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X=X4='S§+W2 = f4(2)

w2

w1

Fig. 3. The characteristics of the five-layer structure and the polar coordinate
system used to evaluate the radiation pattern.

wip+wy

Fig. 4. The Y-junction with one arm only varying along the z-direction.

If the Y -junction has unequal arm widths, coupling between
fundamental and first higher order mode and continuous modes
is present even when the fundamental mode only is excited in
the incoming rib waveguide; the same effects hold when just
one arm of the Y -junction varies along z as shown in Fig. 4:
in both cases, radiation occurs and it depends on the shape
of the transition.

It is interesting to note that even when the arms of the
junction are very far apart there is coupling between modes,
either guided and continuous, that propagate on the same arm.
This coupling is important in as much as the field that truly
propagates is that in the &g (&) directions, relative to a three-
layer guide with core-width w; cos #(ws cos ), as shown in
Fig. 5. When the two arms are very far apart, local modes
of the five-layer guide reduce to the modes of the three
layer guide with core width w; (ws): therefore, to ensure the
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w2

Fig. 5. The actual propagation -directions of the fields in the two arms of
the Y -junction.

presence of a real field propagating in the & (£3) directions,
coupling between local modes can not vanish.

B. Radiation Pattern

Due to the excitation of continuous modes, radiation occurs
at the Y-junction and we will examine its pattern by means
of the saddle point method.

Starting from one end of the transition, the expression of
the magnetic field in the uniform region is

H .TZ Z/ H/L(p’ ) ;L[pa )( )]e‘jﬂ(p)z dp

pe=e,0

where the expressions for @,[p, z, (L)] are reported in [13].
Referring to Fig. 3, we introduce a polar co-ordinate system
r,¢. Using the saddle point method, the expression of the
radiated power for r — oo is

1 *
Ple) = 3 Bo(r, o) (r, 0)r
__Zo
- 2koger
2
Z ( )e](ﬁku(ﬂ)
p=e,o 1 ( )+ uzﬂ( )
Eel Eel[ ( ) + ukp(p)] p=kom.q sinp

)
where Zj is the free space impedance and

)

¢iu(p) = arctan |:’Uw(p)
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and i = 5,k =1 for —(7/2) < ¢ < —arcsin(w; + (s/2)/7)
and ¢ = 1,k = 5 for arcsin(ws + (s/2)/r) < ¢ < 7/2.
Moreover, 0 = 1/p? + kZ(cca — €c1) and

& . '
v1e(p) = e, cos(pwr) + —2Ly, sin(pw;)
Eel0

g .
ute(p) = dpoze sin{pw1) — 7ye cos(pwy)

e2

: e .
vse(p) = b, cos(ows) — fgne sin{ows)
(4

use(p) = —561056 sin(ows) — N cos(ows)
Ee2p
e —cos( s)+ i ( S)t ¢
e = r5 sin {p3 ) tan ¢e
. S 8
Yo = —sin (p—i) + cos (p§> tan ¢,
de = cos (p—;) — sin (p%) tan ¢,

sin (p3) +cos (p3) tan ¢
e = SIN 5 P e
7 p5 ) +cos{pg ) tan do

Ee2p -
o sin(pwy)
el0

v10(p) =0 cos(pwy) —

£
w10(p) = =

e2

g .
5 Yo sin{pwy) + o, cos(pwr)

V50(p) =10 €OS(
Eel0
Ee2pP

s . E
a, = Cos (pi) + sin (pi) tan ¢,
. S s
Yo = — sin (pi) + cos (pi) tan ¢,
b, = cos (p—;—) — sin (pg) tan ¢,
sin ( i) + cos ( -S—) tan ¢
Py P o

uge(p) = — 7o sSin(owsy) + 6, cos(ows)

|

Il

o

In the previous expressions, ¢. and ¢, are reported in [13].
For r — oo, the range of (9) becomes —(7/2) < ¢ < 7/2.

III. RESULTS

To make a comparison with the literature, we tested our
approach against two structures previously investigated.

First, we evaluated the power exchange between guided
modes, neglecting the continuous contribution, occurring in
a five-layer TE structure with a linear transition, as reported
in [2], where guided modes only are taken into account. The
linear transition has a branching angle 6 and, referring to
Fig. 6(a), the other parameters are wy = wg = 0.95\;n; =
1.474,1n9 = ng = 1.560,n5 = ny = 1.473, A = 1.15 pm. The
power transferred from the fundamental TEy mode to the TE;
mode versus the branching angle is compared in Fig. 6(b),
against the data of [2]: continuous line refers to our approach,
whereas dots refer to [2]. The agreement seems very good.

The second test we performed was the analysis of the cou-
pling between the guided mode and the continuum occurring
in a simple structure, namely a slab waveguide under TE
polarization with sinusoidal varying walls.
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Fig. 6. (a) Geometry of the linear junction reported in [2]; (b) behavior of
the transferred power from the fundamental TE( mode to the TE; mode
versus the branching angle 6 of the linear junction as reported in [2]. The
continuous line refers to our approach whereas dots refer to [2].

2.5
2]
% 1.54 ©~93um
1
uzu pm
0.5

0 T 200 400 " 600 " 800 ' 1000
L [pum]
(b)
Fig. 7. (a) Geometry (not in scale) of the slab with sinusoidal varying
walls as reported in [14]; (b) comparison between the power loss coefficient
o (P = Pye2aL) reported in [14] (dots) and those obtained by the present

approach (continuous lines) for different values of the mechanical period
6 = 2x/6.

Referring to Fig. 7(a) (not in scale), we have set d =
239 pm,ny = ling = 1.01L,A = 1 pm, and fi(z) =
—f4(2) = d + asin(fz),a = 5.46 - 1072 pm, as reported
in [14]. An approximate semianalytical solution for the
power loss exists [14] if the structure is considered very
long [(9.3)-(19) of [14]]. The pitch 8 of the perturbation
that ensures coupling between the forward guided mode
and the forward even radiation modes lies in the interval
0 < 8 < By + kony, where Fy is the propagation constant of
the guided mode. We compared the approximate power loss
coefficient a of the guided mode (P = Ppe~2*L) reported
in [14] and the results obtained by means of our approach
varying the length L of the perturbation region.

Results are reported in Fig. 7(b), for some values of the
mechanical period © = 2r/§: dots are the theoretical results
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by [14] whereas the continuous lines refer to our approach.
As the length of the perturbation region becomes longer, the
curves tend to the dots.

Having checked the accuracy of the approach for these
known cases, we studied the Y-junction, being the object of
our work.

We examined first the linear transition shown in Fig. 1,
in conjunction with a symmetrical Y -junction rib waveguide
under LSE polarization, with the following parameters n; =
3.44,n9 = 3.40,t = 0.4 pm,d = 0.6 pm, A = 1.15 ym, wy =
wy = 1.5 pm, L. = 60 pm and final separation s = 2 um. The
application of the EDC method in the y-direction yields a five
TM layer with ne; = 3.40239, ney = 3.41715.

We suppose that only one guided mode is excited with
1 W/m power (for unit length in the y direction), the even
(fundamental) mode or the odd one. Due to the symmetry of
the transition, coupling occurs between guided and continuous
modes of the same parity only. Comparison between power
of the guided mode and power of the continuous modes is
reported in Fig. 8(a) for the even modes and in Fig. 8(b)
for the odd modes; we note that the first case shows larger
coupling between guided and continuous modes than the
second does. This is due to the fact that odd modes have
a vanishing H,(z, z)-component on the plane of symmetry:
consequently, the discontinuity has a minor effect and less
power is transferred to the continuous modes than in the
even case, where H,(z, z) shows a maximum on the plane of
symmetry. If the final separation is doubled while keeping the
same length L, coupling between modes increases, as shown
in Fig. 8(c) and (d).

We also analyzed a symmetrical transition with a raised
cosine profile (s = 2 pm), characterized by

zZ— —

f3(2) =—f2(z)=Z l+sin|n L2

fa(2) == f1(2) = fa(2) + wa.

Coupling is lower than in the previous case at the extremities
of the tramsition, but, it is stronger in the middle of the
transition, since coupling is directly related to the local slope,
that is now larger. Total coupling is larger, as shown in
Fig. 9(a) and (b) and radiation patterns of the linear transition
and of the raised cosine one are reported in Fig. 10(a)—(d), for
$ = 2 pm. .

An asymmetrical transition was also been investigated, as
shown in Fig. 5; in this case, only the fundamental (even)
mode is excited in the incoming guide. Due to the asymmetry
of the structure, coupling occurs between all modes of any
parity. Consequently, as shown in Fig. 11, power is distributed
over all modes, guided and continuous, even though only
one mode is excited in the incoming guide. The radiation
pattern is reported in Fig. 12, where P, = 0.74 W/(m -
rad): asymmetry is evident and larger radiation occurs in the
direction where the arm varies.

The effect of the length of the junction are reported in
Fig. 13, for both polarizations; the curves refer to the case
of excitation of the fundamental mode, with ¢ = 0.2 um.
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Fig. 8. The distribution of the normalized modal power along a linear transition, characterized by n1 = 3.44, no = 3.40,¢t = 0.4 pm,d = 0.6 pm, A = 1.15
pm, w1 = wy = 1.5 pm, L = 60 pm.The final separation is s = 2 gm in (a), (b), and s = 4 pm in (c), (d); (a) and (c) refer to the fundamental
even mode and to the even continuum; (b) and (d) refer to the first higher odd mode and to the odd continuum.
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Fig. 9. The distribution of the normalized modal power along a raised cosine transition, characterized by the same parameters as in Fig. 8. The final separation
is s = 2 pm. (a) refers to the fundamental even mode and to the even continuum; (b) refers to the first higher odd mode and to the odd continuum.

As we can expect, radiation is less excited by increasing the
length of the junction, the coupling coefficients depending on
the rapidity of the transition.

Finally, we analyzed the effect on modal coupling of
changing the height, ¢, of the rib, with L = 40 pm: these
effects are shown in Fig. 14, where the powers of the guided
fundamental mode and of the continuum are reported for both
cases of polarization. We note the presence of a maximum
of radiation at about ¢ = 0.35 um: this is the combination
of two effects. In fact, when the height ¢ of the rib is very
small, the y-junction disappears and. consequently, the loss is
very small. On the other hand, when the height ¢ of the rib
is large, the field is well confined, feeling to a lesser extent
the effects of the transition, so that, coupling coefficients and
losses are lower; between these two areas of low loss, there is
a maximum of loss, as reported in Fig. 14.

IV. CONCLUSION

We investigated the radiation of Y'-junctions in dielectric
rib waveguide by the method of local modes using the full

continuous spectrum of an equivalent five-layer slab guide
obtained by the EDC approach. Radiation patterns in the
horizontal plane and loss are provided for symmetric and
asymmetric Y -junctions, with linear and continuous tapering,
under LSE and L.SM polarizations.

Symmetry is seen to play a far greater role than the details
of the tapering in determining the radiation characteristics of
the junction.

APPENDIX A

In the hypothesis of LSE polarization, introducing (1) and
(2) in (4) and taking into account (3), by some manipulations
[12], we obtain

Cr(2) + §Bn(2)Cn(2)

N oo
k=N p=="0

: Oﬂ(pa Z) dp, n=-N-.--N (A1)
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Fig. 10. Normalized radiation patterns for various transitions, with the same characteristics of Fig. 9: (a) radiation due to the even continuum of a linear
transition; (b) radiation due to the odd continuum of a linear transition; (¢) radiation due to the even continuum of a raised cosine transition; (d) radiation

due to the odd continuum of a raised cosine transition.
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Fig. 11.  Normalized modal power of a transition with one arm only varying
along the z-direction, as shown in Fig. 5. The parameters are the same of
Fig. 8. The final separation 18 s = 2 pum.

C(p,2) + 76,(P)Cu(p, 2)
N oo
= 3 Dulp 2+ X [ Dunlorie)

k=—N p=%"0

Cu(p.2)dp. v=+% (A2)

where the apex stands for derivation with respect to z and the
coupling coefficients are given by

B zﬁ/éln(é)) 5.~ <<I>,,,{wa2(g~’e)(]§§;[;v, (Z)]>
(e )
Ann(z) = —5%%

onle) = 355

Aoyl 2) = - P I B

- L (oo [ 2l

Ank(z) =

7

Pmax =0.74 W/(merad)

1

0.8
8 0.6-
g 0.
&
D
o 044

- /\/\

0 :

-10 -5 0 5 10

0 [degrees]

Fig. 12. The radiation pattern of the transition shown in Fig. 5. The continua
of both parities contribute to radiation. producing an asymmetric pattern.

@ [p, z, (2)] Py, (2)] >

2ec(x, 2)

Dur(pr2) =~(

!

- o e @ )

A EAQAIENG)
Dyu(p,p,2) = < 2.3, 2) >

_ /Bﬂ(p) <¢)V[p’w’ (Z)] ':q)ﬂ[pvx7 (Z)]:| >
26.(p) ee(7,2)
Let us now express the coupling coefficients in simpler form.
Multiplying (3) by [®,[z, (2)]/k3ec(z, 2)] (n # k), integrat-
ing over the cross-section, recalling the first Green's identity
and differentiating w.r.t. z, we obtain

(@nf, ()@ lz, (2)]) + (D[, (2)]®[2. (2)])

e e e )

(ol e )
(A3)
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Fig. 13. Normalized modal power at the end of a linear transition versus its
length L, for LSE and LSM polarizations. The parameters are the same of
Fig. 8. Powers of the guided modes are shown as continuous lines.

Multiplying (3) by &} [z, (2)]/k3e.(x,2), we obtain analo-
gously

(Pnlz, ()] 2%z, (2)])
(2)]®} [z, (2)] >
)

20/ &nl,
B ﬂ”(z)< kic.(z,2

=< 1 0%, (2)] 3‘I’n[$a(z)]>
kiee(r, z) oz dz '

(Ada)

Similarly

(@klz, ()], (2)])

_ 2o/ 2lz, ()]0 [z, (2)]
O e

- L 9%u[x,(2)] 0%z, (2)]

_< kie.(z,2) oz Oz - (Ad)
Summing (A4a) and (A4b), changing sign and substituting in
(A3) yields

s g/ Bales (194, (2]
182(:) - pio)( 2ol il G

:<[ (1 )]/Béngxzﬁ(z)] 8<I>k[ax,(z)]>
+ﬁz<z><[W{z)]én[m,(z)]%[w,(zn>.

Substituting (A5) in the expression of A, (n # k) yields

1
2Bn(2)[Bn(2) — Br(2)]

- {ﬂn<z>ﬂk<z)<Lﬁ}/%[oﬂ,<z>]@m<z>]>
(55 08aln )l o0l 1)}

e2(x, z) Ox Oz

Apnt =—

(A6)

Since @[z, (2)] and [1/ec(z, 2)][0®n [z, (2)]/Ox] are contin-
uous functions across the interfaces f,(z), denoting by f;'(z)
and f;(z) the profiles evaluated at z = z; and z = z; on
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Fig. 14. Normalized modal power at the end of a linear transition versus
height, ¢, of the rib, for LSE and LSM polarizations. The parameters are the
same of Fig. 8, with L = 40 pm. Powers of the guided modes are shown
as continuous lines.

the z-plane and recalling that
Sz ~ f1(2)]
[ ] Zf e
Zf

_5[x_

blz — fi ()]
eelfi (2), 7] }

() {8le ~ £ (2)]eclf
fi @eelf, (), 21}

(A6), for n # k, becomes

f1(z), 2]

4
1
Apy = n (A7)
F = S5 ) — B 2 T )
with
Ee Ee Ee
Tlnk‘_f{( ) ! 2{Unk+“_lvnk}
€e1€e2 e2 = i*'(z)
e Ee
Tonk = f2(2) d 1{Unk+_2Vnk}
€el€e2 €el re= ;’(z)
— €e2 €e2
e = S0 22 U, 4 22y .
Tas = ) 2t U, + 22 Vi }
€el1€e2 €e2 JA_f;(z)
Unk = Bn(2)Br(2)@nlz, (2)] 0]z, (2)]

0, [z, (2)] 0Pz, (2)]

Var = —5, oz

Analogous expressions hold for the other coupling coefficients.

In the case of LSM polarization, the expression of the

coupling coefficient A, is

kg

9 4
Avk = = S () = ] 2 ) A9

with

Tinke = f1(5)(ce2
Tonk = f2(2)(€e1
Tank = f3(2)(gea —
Tunk = f1(2)(€e1

— ce) (@afes (sl () omps ()
Bule, (2))Oelz (N o o
CNCNE)E NS |

— cca){@ule, (L, ()} oy o)

— €e2
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APPENDIX B

To solve (7a) and (8a), we set

H,(z) =an; + bn[z — (0 — DAz] + cpifz — (1 — 1)Az)?
B

H! (2) = b, + 2¢n[z — (1 — 1)AZ]
(i — DAz < z <Az, t=1---M

(B2)

where MAz = L. In (B1) and (B2), the coefficients ay,
and b,, are obtained by imposing the continuity of H,(z)
and H/(z) at 2 = (1 — 1)Az, thus ensuring satisfaction of
the boundary conditions. We suppose that in each subinterval
(i — DAz < z < {Az the following quantities are locally
constant

Ank: ~ A4nk (ZAZ)1 Anu (p> Z) ~ An,u.(pa ’LAZ)
Dyur = Dyr(p,iAz),  Bn(z) = Bu(iAz)
Vn 22 (7 — 1AZ) tan an; + va(1A2)

e, = 2(i82) = [ = 1A
Az

anz(p> = [ta‘n Qpqg — ﬁ(p)]AZ

Pop, = ([ 2nlI82) i a0 —as)
e Br(1Az)

Integration of (8a) w.r.t. z in the range (i — 1)Az < 2z < iAz
yields

N
Hy(p,1Az) = Hylp, (i — 1)Az] + Z Dur(p,182)3(p)

k=1
‘ e~ (1Az)—B(p)1Az] { k41 — ap el (P)
Br(iAz) Or.(p)
b, [1 — 6J0’”(p)] + 2¢p, Az
-Az+
0%.(p)
1 — el ()
CAZ— 2jck17m3}. (B3)
03, (p)

Moreover, (7a) at z = 1Az yields

N
H}(iA2) = by + 200Dz = Y PogiAnp(iAz) Hy(iA7)

k=1
k#£n
o0 , oV BnliAz)
+ / Anp(p AR Hu(p. iA2) ———
#22870 0 o . ) 'B(p)
. el nGAZ)=B(p)idz] dp. (B4)

Substituting (B1), (B2), and (B3) in (B4), after some manipu-
lations, yields a system of linear equations for the unknowns
Cne

Cni(ZAZ - JnniAZ2 - 2Lnni)

N
= > ParrChiAnk(182)A2% + JogiAz? + 2Ls.]

k=1
k#n
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N
+ Snz + Z Pnkz [Ank (ZAZ)(GM + bszz) -+ a/k:zlnki

k=1
+ bpi(Kopi + JnpiA2)] —bp;y,  n=1---N
(B3)
where
N BuliAz) )
Sne = T A, (p, 1Az
2 /0 B(p) a )

p=e,0

“Hylp, (i — 1)Az]e)nGaz)=plenaz] g,

Towi = Az Z/ Anu(p iA2)D,{p. iAz)
0

jn=e,o
1 — e (p)
___e_dp
0il7)
. ° Apu(p,i2)D i (p, 1A2)
Tw=ine Y [ S : dp
* ,;N 1)
Ko = A7 Z/ Ay (pil2)Dor(p,iAz)
p=e,00
1 — eibe:(p)
gy de
0. (p)
Lnkz :AZ?’ Z / Anu(p,’iAZ)D/Lk(p,iAZ)
p=e,0?’0
Or:(p) — j[1 — e (P)
Orilp) 33[ e?% ()] i
0;.(p)

Once (B5) is obtained, our problem is solved. In fact, in
the hypothesis that continuous modes are not incident at the
beginning of the transition (z = 0), we obtain the amplitude
of the coefficients a,; and b,; from the incident power

On1 =\ 2weg P,

N

i — 5n(0)
mhm@—;&mmlmw
k#n
n=1---N (B6)

Then, solution of (BS) yields the value of ¢,; and (B3) yields
the expression of H,(p, Az) being H,(p,0) = 0. For the ith
section, the procedure is very simple:

1) from the conditions at z = (¢ — 1)Az we obtain a,,, by;
and from (B3) H,[p, (i — 1)Az];

2) from (B5) we obtain ¢,,, from (B1) and (B2) a,, ,11 =
Une + D2 + D22 bpag1 = bny + 2¢,,Az and,
finally, from (B3) H,(p,iAz);

3) with these new values we resume at point 1).
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